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Abstract 

New families of BPS black ring solutions with four electric and four dipole magnetic 
charges have recently been explicitly constructed and uplifted to M-theory. These solutions 
were found to belong to a CFT with central charge different compared to the one of the STU 
model. Because of their importance to AdS/CFT, here we give the microstate description of 
these geometries in terms of topological bubbles and supertubes. The fourth charge results 
in an additional flux through the topological cycles that resolve the brane singularities. 
The analog of these solutions in the IIB frame yield a generalized regular supertube with 
three electric charges and one dipole charge. Direct comparison is also made with the 
previously-known bubbled geometries. 



1 Introduction 



Finding an effective description of the microscopic degrees of freedom of black holes at strong 
gravitational coupling has been a major program in black hole physics the last years. An exact 
enumeration of states has been done for the two charge geometries, where smooth supertube 
solutions were matched to states in the D1-D5 CFT [6l [7]. 

For systems with three charges, a significant step forward was made in [8] were the nonlinear 
supergravity equations were reduced to a sequentially linear system of equations. The 1/8-BPS 
solutions were described in M-theory frame which, after compactification on T^, can be truncated 
to five dimensional ungauged supergravity coupled to two vector multiplets. The fascinating idea 
presented in [9], [12] (for a review see [2]) was that one can resolve the singularity and allow for 
a semiclassical description of microstates within the supergravity framework, by allowing the 
four dimensional base metric to be ambipolar, i.e. change sign from (+, +, +, +) signature to 
(— , — , — , — ), while the full five dimensional metric retains its original signature (— , +, +, +, +). 
Then the singularity is resolved by a geometric transition, where the brane charges are dissolved 
within magnetic fluxes threading topological cycles. By using Gibbons-Hawking metrics as a base 
space large families of examples of multi-centered ambipolar geometries have been constructed 
[21 ini [TOl [11] . The solutions are regular provided that certain integrability equations or "bubble 
equations" , are satisfied. 

A general description of a black rings in = 2 supegravity with n vector multiplets has been 
given in [5l [1]. In [1] the authors, motivated by the CFT analysis of [3], present an M-theory 
description of a BPS black ring which upon reduction to gives five dimensional ungauged 
supergravity coupled to three vector multiplets. Thus the solution has more hair and, although 
it has four electric and four dipole magnetic charges, it is still 1/8-BPS. The similarity of the 
equations and the black ring solution between [1] and [2] makes it natural to provide a microstate 
description by using ambipolar Gibbons-Hawking metrics. As it was mentioned in [1], these 
microstates are dual to states of CFT with central charge different from the one of the D1-D5 
CFT which is dual to the STU model. Finding the subset of microstates within the current 
formalism, that are dual to D1-D5 CFT might provide a hint for the additional required states 
to account for the black ring entropy. In section 2 we summarize the supergravity description 
of [l]. In section 3 we construct microstate geometries with the same asymptotic structure at 
infinity as the black rings and the bubble equations and the asymptotic charges are derived. A 
regular supertube solution with three electric and one dipole magnetic charge that seems to exist 
in this framework is examined. The solution although singular in five dimensions can be smooth 
in IIB frame if certain conditions are satisfied. Final remarks are given in section 4 and a few 
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details about Gibbons-Hawking metrics may be found in the appendix. 



2 The hairier BPS solution 
2.1 General Form of the solution 

Let us review the supergravity solution of [I] with the addition of the gauge transformations that 
leave the solution invariant. 
The eleven-dimensional metric is: 



dwidwi dw2dw2 dw-sdw-s 

' ' ' [dwidw2 + dw2dwij 



Z\ Z2 CeZ^ ZiZ' 



(2.1: 



^2 \-l 

where a = ( 1 — 1 and ds^ is a hyper-Kahler base metric 

The three-form potential is as follows: 

/ a , , , , „ \ dwi A dwi ( a , , , , ^ \ dw2 A dw2 



Zx J -2i \ Z2 J -2i 

1 , , , , ^ \ dw-i A / aZd , , , , „ \ dwi A dw2 + dw2 A dwi 



(2.2) 

Alternatively we can write: 

A = A" A — + ^2 A — + A — + A — 2.3 

-2i -2i -2i -2i ^ ' 

with the obvious definition of the gauge fields , I = 1,2, 3, 4. Also, 

wi = Z2- iz3 , W2 = zi+izA, W3 = y + iz (2.4) 
are the complex torus coordinates. 

The BPS equations that need to be solved are: 

e, = *4e,, 1 = 1,2,3,4 

d *4 dZi = -62 A 63 , d*4 dZ2 = -61 A 63 

d *4 dZs = -01 A 62 + 64 A 64 , *4 dZ4 = -63 A 64 

dk + *idk = ZiBi + Z2Q2 + ^303 - 2^464 



where 6/ = dBj. 



By choosing a Gibbons-Hawking base metric the general form of the solution [T] is 

K2K3 _ 
Zi — Li -\ — — , Z2 — L2 -\ — — 

^3 — -t^3 H y ) Z'4 — 1^4 H — — 

k = \M+ — + — j{dip + A)+u 

*3 du = VdM - MdV + ^ K.dLi - LidK^ - {K^dL^ - L^dK^) 



where we expanded k = ^{dip + A) + u. Also, 



a=l ^ ^ 



(2.7) 



where Q'^ are the Gibbons-Hawking self dual two-forms. Their exact form and more details 
about the Gibbons-Hawking metrics can be found in the appendix. Closure of the Maxwell 
fields, dQ^ = 0, implies that the functions, are harmonic: 



V^K^ = (2.8) 



Thus for the local potential Bj we find: 



Bj = ^{d2P + A)+ii-y (2.9) 



where V x ^/ = —VKj , y = {x, y, z) and V is with respect to 



The solution displayed above remains invariant under the following gauge transformations: 
Ki^Ki + ciV, 7=1,2,3,4 

L:^Li- Cukc'K'' - hj^Kc' c'^V + ^,,3 (2047^-4 + c\V) , I, J, K = 1,2,3 

^ Li — C3C4V — K3C4 — C3K4 

M^M- ^c'Lj + ^CjjK {c'c'c^'V + Sc'c'K'') + C4L4 - C3C4K4 - ^clK, - ^closV ,I,J,K + 1,2,3 

(2.10) 

where Cjjk = \^ijk\ and c/ are constants. These transformations are a direct generalization of 
the ones in [2]. 
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2.2 Regularity 

Regularity of the metric (12. ip from the tori gives: 

Z2Z3 > , > , > Zl , Z4Z3 > (2.11) 
These conditions guarantee that a > 0. 

By completing the square with respect to d?/' the five-dimensional part of the metric becomes: 

- (^) # + ^ - + -)) ' - (^) ]^ - (* + ^)^) 

(2.12) 

where: 

3 , 3 



/<j=i 1=1 
+ (i^iLi + J^2i^2 - i^3^3) K^U - KlL^L^ - KJ<2Ll 

- 2M [K1K2 - Kl) Ks - MV I ^ KiLi - 2X^1 A - M^V^ 



(2.13) 



./=i 



The function J4 is invariant under the gauge transformations fl2.10p . 
The absence of CTC's requires: 

(ZiZaZa)^/^ > 0, h>0 (2.14) 

Writing ds^ = dr"^ + r'^d6'^ + r'^si'n?9d(j? it can be seen from f l2.12p that at the poles 6* = 0, tt there 
is the additional danger of closed timelike curves unless oj vanishes at these points. 



3 Bubbling 

Our purpose is to resolve the singularity and construct smooth microstate geometries by allowing 
the multi-centered Gibbons-Hawking metric to be ambipolar. In our analysis we follow the steps 
of [21 [9] Specifically for the functions characterizing the solution we write the ansatz: 

N N ji 



j=0 ^ j=0 ^ 

Nil N 

j=0 ^ j=0 ^ 



(3.1) 
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with / = 1, 2, 3, 4. We also set as rj = \y — yj\ the distance from the j center located at yj. The 
charges qj can be positive or negative integers with the requirement that J2f=ol3 ~ Itot = ^, ioi 
the space to be asymptotically Minkowski. 

3.1 Flat Asymptotics 

To have five- dimensional Minkowski spacetime at infinity we need h = 0, which means that 
= as well. We want ZiZ2Z-i ~^ ^ /i — as r — )> oo. So, 

4(44-(0^)=l, m^ = - ^^-'^^'i-^ '-'^^ (3.2) 

An obvious choice for fiat asymptotics is = = = 1 and l^^ = 2. The choice = = 
^004 = 3 and = might be interesting since it resembles the case in [2], but as it can be seen 
from (13. 2p and (13. 6p it may also disentangle some interesting physical sectors which involve the 
fourth dipole charge /C4. 

3.2 Regularity at the critical surfaces 

Since the solution is ambipolar there are regions where V < and = surfaces. Thus we have 
to check the metric and the fields of the solution in the neighborhood of = 0. 
The tori warp factors and the function a contain the same power of Z/'s in the numerator and 
the denominator and thus are regular at = 0. It is also easy to check from (12.121) that the 
five- dimensional part of the metric is regular at ^ = since h , {ZiZ2Z3y/'^V and fiV^ remam 
finite. Thus the metric and its inverse are regular at ^ = 0. 

For < we need again I4 > 0. That can be seen from (I2.12p . since if we focus near V = the 

z^Z2Z3 ) ^ {{.K1K2 — Kj^K'^) which is positive. 
Regarding the other fields of the solution from (12. 2p and (12. 6 p it is simple to see that no patholo- 
gies are hidden in Aj and a; as = 0. Actually for the gauge fields we get A/ ~ for / = 1, 2, 3, 4 
in the same manner as in [2]. 
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3.3 Regularity at the centers 

We also have to check that the solution is regular as one approaches the Gibbons-Hawking centers 
rj — )■ 0. In order to cancel the singularities in the functions Zj we require: 

1.21.3 

ji _ _^5o. /2 _ _zi_l 

rt^^s _ Lip pp i'^"^) 

7 ~ ' 7 ~ 

and cancelling the singularities in /i requires, 

m, = i (fcjfcj - (3.4) 



The magnetic fields strengths G/ are regular since the singularities of the functions V and Kj 
coincide. This suggests that if /i = and our base space is flat for 9/ to be regular we should 
also have /c^ = , / = 1, 2, 3, 4. 

Since Zj and fi are finite as rj — )■ 0, then from (12.11) the absence of closed timelike curves requires 
/i — 7- at this limit. Also from ( 12. 5p there is the danger of Dirac-strings in u as there are 
terms in the right hand side of the equation. Another way to write the equation for u is: 

*3 doj = Vdii - ixdV - V Zjd (^^^ - 2Zid (^^^ j (3.5) 

Also, because /i, Zj and Kj/V go to finite values at the limit rj — the only term that can 
lead to Dirac strings in (13.51) is fidV. Thus the absence of both Dirac strings and closed timelike 
curves requires that — )■ as r^- — )■ 0. From this requirement we take the bubble equations which 
are necessary integrability conditions for the regularity of the solution. 



E ((44 - (4)^) 4) = - E tki + 2tkt (3.6) 

j=0,j^i ^ ^ 1=1 



where Ilf^- = -;f — -f are the magnetic fiuxes running through the two-cycle formed between the 
centers i and j and = \yi — yj\ the distance between them. 

3.4 Solving for lu 

For u we find: 

1 ^ 

^ = 4 E ^^^^ (44 - (4)') ^j^v (3.7) 

i,j=0 
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where: 

(a — ajriVj 

and we have set the z-axis along the two points i and j so that yi = (0, 0, a) , = (0, 0, b) and 
a > b. The angle 0jj is the azimuthal angle of the coordinate system with z-axis passing 
through the points i and j. The functions Uij vanish along the z-axis and thus have no dirac 
string singularities. They satisfy the equation, 

V X Wi,- = -V— - — V- + — ( V- - V— I (3.9) 

1 1 I J I J 1 1 I ij \ It I J / 

Taking V x d; and using (13. 7p together with (13. 9p and the regularity equations (13. 6p . (13. 3p . (13. 4p 
we obtain the right hand side of the last equation in (12. 6p . 

3.5 Asymptotic Charges 

The electric charges Qi are given by the asymptotic behaviour of the electric potentials Zj at 
infinity as follows: 

Z' = lL + %, r^oo (3.10) 



Thus by expanding Zj and making use of (13. ip and (13. 3p we get: 









N Lip 

U 












Q' = 


j=0 


- mr 


N 
j=0 





(3.11) 



where the quantities kj are invariant under the gauge transformations (I2.10p . 

N 

H = ^-1ill^l^ 1 = 1,2,3,4 (3.12) 



i=0 



As it was mentioned in [T] the D1-D5 CFT can be obtained by setting = 0. It can be seen 
from (13. lip there is a variety of possibilities of achieving that without setting kj = 0. Each one 
of these choices though should be checked for consistency with the regularity constraints of the 
solution. Studies of the bubbled equations of the STU model suggest when one of the asymptotic 
charges is being set to zero the solution becomes pathological. However, the extra freedom of 
parameters of this model may allow such a choice. 
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The angular momentum can be derived from the expansion 



and we get: 



~ ^ ((Ji + J2) + (^1 - J2)cose) dtjj (3.13) 
Jr=Ji + J2 = 8J2 2 (3-14) 

N 

Jl = Ji-J2= Y1 (3.15) 

ij=0,j^i 

Jl.. = -8 (((44 - (4)') 4) (3-16) 

is the angular momentum flux vector associated with the ij^^ bubble and in the derivation of it we 
used (13. 6p . Comparing with the already known bubbled geometries [21 [12] we see that most our 
results can be obtained from the old ones by making the substitution nl-II,^. — )■ nl-II,^. — (11^.)^ 
and kik2 kik2 — kf. There is no need so make such a substitution for the electric charges as 
they have been dissolved into the magnetic fluxes (13. 3p . 



where: 



4 A three charge supertube in IIB 

We start with a solution with three electric charges Qi, Q2, Q4 and one dipole magnetic charge 
fcs which we call a three charge supertube. The solution has a tubular shape since it wraps 
around the Gibbons-Hawking fiber ip. It can be directly obtained from the one in [T] by setting 
Q3 = and ki = k2 = k^ = 0. For more generality we are going to assume V = h + ^. The 
functions describing the solution are as follows: 



Qi r _ ;2 , ^2 r _ ;3 r _ ;i 1 ^1 

(4.1) 



r _ /I , ^1 r _ 72 , V2 r _ 73 r _ 7I , V4 
-^1 - ^00 + 1 ) -^2 - <oo + 1 ) -^3 - too ) -^4 - <oo + 1 

i^l = ^2 = = , = — , M = moo + — 

rR tr 

where tr = r'^ + B? — 2rRcos9 and the supertube is positioned at distance R from the origin 
along the positive z-axis. 

Since the electric potentials Zj are not sourced at the origin, to keep /4 > as r — we need 
— at this limit. Consequently: 

TTl 

moo = (4.2) 
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By canceling the remaining terms in the right hand side of the uj equation in (12. 6 P so that it 
looks like (13. 9p we get the condition for the absence of closed timelike curves: 



2mVR = llh (4.3) 

where Vr = {h + ■^). 

The metric of the four charge system in the IIB frame is: 

a ( ^ / ,, . , x2 . ry f , dt + k ^ \ rrrrr i 2 /^i , 2 




ds' = -j== (^-^(^^^ + ky + Zs{dy- + 53 ) I + VZiZ2dsi + ^/ ^dsU (4.4) 

The ten-dimensional metric is split between between a six- dimensional part and four dimensions 
compactified in T^. The six-dimensional metric can be obtained from the five-dimensional one 
by promoting one of the gauge fields to a Kaluza-Klein coordinate. This field is in our case 
and when ( 14. 6p holds, resolves the singularity in five dimensions. To examine regularity along 
the supertube as r/f — )■ we look for potential singularities along the fiber. Thus collecting all 
the [dip + A)"^ terms from (14. 4p we obtain: 



v^y^z^z; V a 

thus for regularity as r/j — )■ and from 14.31 we need: 

Q1Q2 - Ql , . „x 

= 32fc3 ^'-'^ 

Equation (14.61) together with (14. 3 p fixes the location of the supertube in terms of its electric and 
dipole magnetic charges. Once again, by substituting in (14. 6 p the combination Q\Q2 — Ql ^ 
Q1Q2 we get the regularity condition the STU model supertube. Since we have already set ^4 = 
to get a supertube dual to a D1-D5 CFT state we need Q4 = which takes us back to the STU 
model supertube. Supertubes correspond to unbound states in the dual CFT. Thus probably 
only bound states in the new CFT may lead us back to the D1-D5 sector. It would be interesting 
to find the combinations of generalized supertubes that achieve the latter. 



5 Concluding Remarks 

Using the M-theory framework we have obtained microstate geometries corresponding to the 
black rings presented in [1]. The off-diagonal term in the supergravity gauge field gives an 
additional flux, Ilfj, in the bubble equations, which dissolves the fourth electric charge and 
resolves the singularity associated with it. A smooth supertube solution with three electric 
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charges and one dipole magnetic charge has been shown to exist in this framework as well. Most 
of the old regularity equations of the STU model can be rewritten for the case of four charges 
by replacing the quadratic X1X2 — )■ X1X2 — X| where Xj some parameters of the solution. It is 
interesting that the fourth flux, Ufj, couples only to H?-. This reflects the fact that even in the 
M-theory frame the extra U{1) gauge field is not in equal footing with the previous three. This 
should be related to the geometry being 1/8-BPS in spite of having four charges. The quadratic 
Qx = X1X2 — X| also appears in [1] and originates from the intersection numbers Cjjk which 
occur after truncating eleven-dimensional supergravity down to five dimensions. We have, 

CijK = \^ijk\ , I, J, K = 1,2,3 , C344 = — 2 (5.1) 

with all the rest being zero. The cubic invariant factorizes into the quadratic Qx as: 

IcukX'x'x'' = {X'X' - X' = QxX' (5.2) 



The latter constraint defines the symmetric space 5*0(1,1) ® (50(1, 2)/5'0(2)). This space is 
one of the many possible truncation of eleven dimensional supergravity to five dimensions with 
M = 2 supersymmetry [171 [18]. By exploring further down this road, there may be more general 
families of 1/8-BPS black hole hair which allow further generalizations of the quadratic in terms 
of cubic and other symplectic invariants. 

The algebraic similarities with the STU case are so many that it would be straightforward to 
perform the analysis done for the BPS case in [131 Ej and for the non-BPS case and in [T5l fT6]. 
The three charge supertube solution we presented makes use of the field A'^ as a Kaluza-Klein co- 
ordinate to oxidize the five-dimensional metric. Because of the symmetry that exists in the STU 
model it is trivial to oxidize the metric with any of the gauge fields . We can try doing the same 
in this case and then find a connection between generalized supertubes and bubbled geometries 
by using spectral flow transformations [H] or some generalized version of them. This could lead 
to a larger family of microstate geometries being constructed. We plan exploring the latter in fu- 
ture work. Then one can see how much entropy these solutions take by putting supertubes in an 
ambipolar base spaces and exploring the entropy enhancement mechanism [13]. For the non-BPS 
case we can break supersymmetry by reversing the holonomy of the background with respect to 
the duality of the magnetic field strengths 6'^ and construct multicenter non-BPS solutions [T5] . 
Then in the spirit of [16] it would be interesting to examine how the fourth charge affects the 
tolerance of the non-BPS microstate solution to supersymmetry breaking. There might be the 
case that one can use the fourth dipole charge to dilute the holonomy of the background, which 
breaks the supersymmetry, while keeping the values of the other electric and magnetic charges 
in a region that was previously excluded. 
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Finally, exploring the work of [3] it would be interesting to make the connection between the 
microstates at strong gravitational coupling and the states of the dual CFT. The four charge 
solutions are dual to a CFT with central charge [1] : 

c^QxQ2-Q\ (5.3) 

This CFT is still unknown and we believe that this and subsequent work may shed more light 
towards its nature. 
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A Gibbons - Hawking metrics 

Gibbons-Hawking metrics have the form, 

ds\ = V-\dij + Af + V {dx^ + dy^ + dz^) , (A.l) 

with 

N 

V = h + 5^^, (A.2) 

where r"^ = y- y with y = (x, y, z). The distance of the i^^ Gibbons-Hawking center located at yi 
from the origin is Vi = \y — yi\. 
The metric is hyper-Kahler if 

W = ± V X 1, (A.3) 

Some common examples are when V = ^ and V = h + ^ where the space is and Taub-NUT 
respectively. Introducing frames 

= V^^dtfj + A), e'^+i = V^^ dy\ a = 1,2, 3, (A.4) 

we can write a natural base of self-dual and anti-self-dual two-forms, 

fii"^ = e^Ae"+^ ± ie,fc,e'+i Ae'=+\ a = 1,2, 3. (A.5) 
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